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Abstract 
We consider non-orientable foliations, given on orientable compact 2-manifolds. Within a special 
class of such foliations, a Morse-Smale class, a complete topological classification is proposed. 
Our main result is a generalization of the well-known M.M. Peixoto’s theorems (Peixoto, 1973), to 
the case of foliations on surfaces. In a whole, the paper gives an understanding of the ‘topological 
information’ contained in a Morse-Smale non-orientable foliation. 0 1997 Elsevier Science B.V. 
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Introduction 
In his celebrated work [9], M.M. Peixoto studied an important class of flows, so-called 
Morse-Smale jaws, given on compact orientable two-dimensional manifolds. To every 
flow of such type, he associated a graph endowed with finite combinatorial structure, 
and proved that these graphs (called later Peixoto graphs) are in l-l correspondence 
with classes of topological equivalence of Morse-Smale flows. Let us remind, in outline, 
basic definitions and results obtained by Peixoto, as they are exposed in [7]. 
Denote by A4 a closed and, until otherwise is mentioned, orientable manifold of dimen- 
sion 2, which we call also a sulfate. Let X’(M) be a space of CT-smooth vector fields 
M + TM on M, endowed with the uniform C’ topology. Introducing an equivalence 
relation E : z N y, which is an orbital (or, topological) conjugacy between trajectories of 
vector fields Z, y E XT, splits X’ in a certain number of topological classes. As usual, 
* E-mail: loutseni@crm.umontreaJ.ca. 
0166.8641/97/$17.00 0 1997 Elsevier Science B.V. All rights reserved. 
PIISO166-8641(96)00101-O 
20 I. Bronstein, I. Nikoluev / Topology and its Applicutions 77 (1997) 19-36 
structural stability of a vector field x E X’(M) means that there is a neighborhood U 
of 2, such that for all y E U it holds that y N 5. 
Theorem 0.1 (Andronov and Pontryagin). In the space X’(M) there exists an open and 
dense subspace X0, which consists of structural stable vector jields. These are called 
Morse-Smale vector$elds and admit the following simple geometrical description: 
(i) Vx E X0, the vector field x has a Jinite number of singular points and closed 
orbits, all of which are hyperbolic; 
(ii) there are no separatrix connections between singular points of saddle type; 
(iii) Q and w-limit set of each trajectory is either a singular point or a closed orbit. 
Let t E R be a real number. By a Morse-SmaleJfow 7rt : M x R + M on the surface 
M, one understands a flow tangent to a Morse-Smale vector field z E X0. Every flow 7rt 
defines an oriented graph X (orgraph, or scheme of the Jaw) with the vertex set VX = 
(Sing7rt) U (Cycle”) and the edge set EX = Sepnt, where Sing, Cycl and Sep stand, 
respectively for the set of singular points, closed orbits and separatrices of the flow 7rt. 
A fundamental problem, which has been studied by M.M. Peixoto, is the following: how 
exactly X describes the topological equivalence classes of Morse-Smale flows on M? 
Unfortunately, there are no hopes that orgraphs X taken solely, are enough to establish 
the required l-l correspondence with equivalence classes of Morse-Smale flows, see 
page 392 of [9]. One finds there an example of two inequivalent Morse-Smale flows on 
S2, which have, up to an orgraph isomorphism, the same X. It is the main motivation to 
introduce an extra structure on X, called a rotation system R, which is uniquely defined 
by 7rt (rotation system is a cyclic order of edges, given in each vertex of X). Together 
with R, an orgraph X is denoted by XR and is called Peixoto orgraph of the flow 7rt. 
In [7] the following equivalence and realization theorems were proven. 
Theorem 0.2 (Peixoto). Let ” be an orgraph isomorphism, which preserves rotation 
systems defined on orgraphs. Two Morse-Smalejows nf and ~1 are topologically equiv- 
alent, if and only if their Peixoto orgraphs are isomorphic, XRk 2 XR?. 
Theorem 0.3 (Peixoto). Every abstractly given Peixoto orgraph XR ’ is realizable as 
Peixoto orgraph XR of some Morse-Smale flow, given on an orientable su$ace M. 
It follows from the above theorems, that XR are complete topological invariants, as 
long as they stay in l-l correspondence with topological conjugacy classes of Morse- 
Smale flows. To this end, Peixoto orgraphs give a definitive and final solution to a rather 
classical problem of the qualitative theory of flows on manifolds. 
A question of a prior interest, which appears in this area, is what do we know about the 
case of foliations? Foliations are much akin to flows on surfaces. Like flows, foliations 
define a partition of a surface into disjoint orbits, called leaves, having a very simple 
local structure: apart from singularities, they look like a family of parallel lines. Unlike 
’ Id est. orgraph X with a rotation system 72, obeying a strictly defined list of axioms, see [71 for details 
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flows, foliations may have non orientable singularities, i.e., singularities which cannot be 
thought of as phase portraits of a vector field. 
The purpose of the present paper is to extend Theorems 0.2 and 0.3 to the case of 
foliations on surfaces. Morse-Smale ,fbliations were introduced in [2], where also an 
analog of Theorem 0.1 was proven. It was shown there, that Theorem 0.1 holds true 
for foliations, if one will enlarge the list of structural stable singularities, mentioned in 
item (i), by non-orientable ones. The list of structural stable non-orientable singularities 
is not very long: it consists only of four new singularities-almost all of them have been 
commonly used before, see a historical overview in [ 11. They are: thorn, tripod, sun-set 
and upple singularities. This fact enables us to introduce a concise combinatorial object, 
what we call a Peixoto orgraph of Morse-Smale foliation, and to obtain a complete 
topological classification of foliations, belonging to this class. 
The paper is organized as follows. The reader is encouraged to start with Section 3, 
where the main result, Theorems A and B, are formulated. Difficulties, if any, should be 
resolved by reading Section 1 and Section 2, where necessary preliminary information 
on graphs and foliations is brought together. Section 4 is devoted to the proof of the main 
result, and the proof of Theorem I. 1 is given in Section 4.3. In Section 5 two examples of 
Morse-Smale foliations and their Peixoto orgraphs are studied. We conclude with open 
problems. 
1. Rotation systems 
Either Morse-Smale flow or Morse-Smale foliation, given on a surface, define a special 
kind of graphs, embedded into the surface. Problems related with the embeddings of 
graphs are well understood by now, and is a matter of topological graph theory, see 
[5] for an introduction to the area. The definitions and statements below are extremely 
important for understanding of the rest of the paper. 
Definition 1.1. An (oriented) graph X is defined to be a set of vertices Vx and a set 
of edges Ex such that an (ordered) pair of endpoints of every edge e E EX lies in 
VX. In other words, graph X is the set Ex U V. endowed with an ‘incidence structure’ 
1-x = {V_(e) 1 e E Ex}. For brevity, an oriented graph is called an orgraph. 
In the remainder of this paper we omit subscripts for the vertex and the edge sets. 
If both E and V are finite, graph X is said to be finite. Every finite graph X can be 
geometrically represented as a drawing (dot-and-line structure), where dots correspond 
to the vertices u E V and lines (segments) correspond to the edges e E E such that the 
incidence structure I is respected. Although drawings are easily visualized, they should 
be treated carefully since a drawing is not a graph, but only a representation of its 
incidence structure. 
Let X and X’ be two finite graphs. A graph map f : X + X’ consists of a vertex 
function VX -+ Vxt and an edge function E,y + Exl such that the incidence structure 
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is preserved (it means that for every e E E, the vertex function fv and the edge function 
fE are such that the endpoints a, b of e are sent to the endpoints p, q of fE(e): p = fv (a), 
q = fv(b)). For orgraphs we demand also that f preserves the orientation. 
Definition 1.2. A graph map f : X + X’ between two graphs X and X’ is called an 
isomorphism if both its vertex function fv and edge function f~ are one-to-one and onto 
(surjective). Two graphs X and X’ are called isomorphic if there exists an isomorphism 
f:X+X’. 
Let U, w E V be vertices of a graph X. A walk w on X from u to u of length n is 
an alternating sequence of vertices 210, ul, . . . , v, and directed edges, such that the initial 
vertex wo = u and the final vertex w, = U. If u # w a walk is called open, otherwise it is 
closed. An open walk is called a path, if all its vertices are distinct. A path on X such 
that its initial vertex coincides with its final vertex, is called a cycle on X. 
The central concern of topological graph theory is the problem of placement (or em- 
bedding) of a graph on a surface. A classical problem is, for example, the embedding 
of a graph into the plane (or ‘planarity’ of a graph). It is known, e.g., that the complete 
graph KS is not planar, that is the drawing of the graph in the plane (or sphere) always 
has self-intersections. It is easy to see, however, how to avoid intersections on the higher 
genus surfaces: it is sufficient to glue up an extra handle and to draw one edge over ‘the 
bridge’, the other under it. Therefore each graph can be embedded into a surface of a 
sufficiently high genus. 
Definition 1.3. An embedding i :X * M of a graph X into a surface M is a l-l 
continuous map of X, taken as a topological space, in the topological space M. Two 
embeddings ii and i2 of X in a surface M are equivalent if there exists a homeomorphism 
h : M + M such that h o il = i2 (in other words, h brings the image ii (X) to the image 
i2(X)). 
If one takes an embedding i : X v M of a connected graph X in M, then the set 
M\i(X) is the union of open regions V,. Clearly, gluing up handles to each V,, it 
is possible to obtain embeddings of X into the surfaces of an arbitrary high genus. 
An embedding i :X v M is called 2-cell (or cellular), if all open regions V, are 
homeomorphic to an open disc. Throughout this paper only cellular embeddings are 
considered. 
Definition 1.4. Let X be a finite graph and let z, E V(X) be its vertex. A rotation of a 
vertex w is an oriented cyclic order (defined up to the cyclic permutations) of all edges 
incident to w. A rotation system R (or, simply, a rotation) of a graph X is a union of all 
local rotations over all vertices of X. 
Rotations give rise to a certain system of faces (- cycles) on X. The following so- 
called Face Tracing Algorithm allows to determine all faces of a graph X, endowed with 
rotation R. 
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Face Tracing Algorithm (see [5]). Let X be a tinite graph and R be its rotation system. 
Take an arbitrary vertex ut E V(X) and an edge a,, , incident to ~1. Let w:! be a vertex of 
X, connected with VI by the edge aVz and let bV? be an edge of the vertex IQ, which lies 
to the right in the cyclic order from a,:, Moving along the edge bVz to a vertex ‘~3, we 
shall define an edge c,,, which lies to the right from b,?. Proceeding inductively, we stop, 
the process at an edge z,,_ if the two forthcoming edges will be again a,, and b,?. Hereby 
acyclea,,,b,Z,...,z,n of length n, which defines a face F, on X, will be traced. For 
tracing the next face F2 one should start with an edge which lies fo the right of any edge 
of the face FI and such that a comer between them did not occur in F,--and apply the 
above construction. All faces FI : Fz. , F, on X will be traced. when there remain no 
unused corners. 
The fundamental theorem, proved independently by Lothar Heffter [6] and Jack Ed- 
monds [4], shows how rotations and embeddings of X are related. Because of the excep- 
tional importance of this statement, we give a geometric idea of its proof in Section 4.3. 
Theorem 1.1 (Heffter and Edmonds). Let X be a finite graph endowed with a rotation 
system R. Then there exists a 2-cell embedding of X into an orientable surface M such 
that one of two rotations, induced by this embedding, coincides with R. Moreover; two 
embeddings are equivalent if and only if the! have equivalent rotation systems. _ 
Remark 1.1. Each embedding i : X 3 Al induces a pair of rotation systems R and R*, 
where R” is a mirror image of R (i.e., can be obtained from R by reversing the cyclic 
order of all local rotations in R). The corresponding embeddings i(X) and i*(X) are 
conjugate by a homeomorphism h : Al + Ad, which is not homotopic to idnf. 
2. Morse-Smale foliations 
Morse-Smale foliations on surfaces were introduced in [2], see also [ 11. For the general 
theory, the reader is referred to [8]. 
Roughly speaking, foliations can be defined as flows, which admit a finite number of 
non-orientable singularities. * In general, it is impossible to produce a foliation, given on 
one surface, with the help of a flow on the same surface. Nevertheless, this goal can be 
achieved on some auxiliary 2-dimensional manifold, M, which covers the initial surface 
twice, being ramified over non-orientable singularities. In defining foliations below, an 
axiomatic approach is chosen. 
Definition 2.1. Let M be a compact orientable 2-dimensional manifold. A foliation F 
of differentiability class C’ is defined to be a triple (M, 7rt ~ Q), where 7rt : M x Iw + M 
is a CT-smooth flow; 8: M --t M, O2 = idhf is an involution on hl, which satisfies the 
following axioms: 
* In fact, also a global non-orientability (Reeb components, e.g.) may occur. However, we assume only a local 
one, passing otherwise to a two-fold covering surface. 
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(i) f3 preserves the orbits O(X) = {7r”(~)I t E R} of the flow rrTTt, that is 
VJZ E M C(Q(X)) = Q(O(x)); 
(ii) 8 fixes a finite even number of points W = (~1, . . , ~21~) on M, 
‘(%) ” 2 = 
2, if 2 E W, 
0, if z E M\W; 
(iii) if W = 0, then M consists of two connected components Ni U N2, so that the 
involution 0 : Ni + Nz is a homeomorphism between them. 
Foliation 3 = (M, 7rt, 0) is called orientable, if W = 0. Otherwise it is non-orientable. 
Remark 2.1. Notice that all points 2 E W are equilibria of the flow 7rt. It is not hard 
to see that the forward orbit {T”(Z) ) t 3 0) through a point 2 E M goes by 0 to the 
backward orbit {K”(~(x)) 1 t 6 0) through the point 19(x), and vice versa. In particular, 
a(e(x)) = e(w(~)), h w ere cv and w are limit sets of the corresponding orbits. 
Clearly, if we are given a foliation F with p non-orientable singularities and 4 ori- 
entable singularities, then it can be written as a triple (M, 7rt, 19), where the flow 7rt has 
p + 2q singularities, all of which are orientable. Conversely, if a triple 3 = (M, 7rt, 0) is 
given, then factorizing with respect to 8, one obtains a non-orientable foliation F = ~~10 
on the surface M/B. 
Denote by 3’(M) a space of all C-smooth foliations (M, &, Q), defined on a surface 
M, and endow it with the uniform C’ topology. Let 3i,3~ E 3”(M) be elements of 
the space 3’(M). 
Definition 2.2. 4 = (M, TT~, 0) and 32 = (M, TT~, 19) are said to be topologically conju- 
gate (this equivalence relation is written as & : 3, N 32), if there exists a homeomorphism 
h : M + M, which takes orbits of 7rf into orbits of ri, preserving their orientation, and 
such that ho8 = 80 h for all z E M. An element 3 E 3’(M) is called structural stable, 
if there exists a neighborhood U of 3, such that for all &7 E U, it holds that 6 N 3. 
The germs of structural stable orientable singularities 4 E Sing 3 are well investigated: 
Poincare proved that they are topologically (and, away of resonances, even analytically!) 
equivalent to their l-jets, and the configuration of leaves near such points looks either 
like a 4-separatrix saddle, or like a node or, else, a focus. The case where p E Sing 3 is a 
non-orientable singularity was considered in [2], see [3] for a detailed study. It was shown 
that in the point p the germ w of the vector field, tangent to 7rt, obeys a &-symmetry’ 
with respect to an involution 8, having either of two ‘normal forms’: 
(1) 
3 Namely, w(B(z)) = -W(Z), w(O) = 0, w h ere 0 : z e --z is a rotation through the angle TT. 
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(2) 
where C#I and $J consist of higher order monomials of even degrees. 
Definition 2.3 ]1,2,8]. Let p E Sing F be a non-orientable singularity of foliation 
(Al: 7rt! 0) in projection to the surface M/B. Denote by H, P and E respectively hyper- 
bolic, parabolic and elliptic sectors of p. The following terminology is adopted: 
Sectors Singularity Index Form Conditions 
HHH tripod -l/2 (I) ad(CY+,& I) <O, 
(a - li(P - l)(Q. + YJ > 0 
HP sun-set +1/2 (1) c$(a+‘- I) >O 
H thorn +1/2 (2) a<0 
EP apple +3/2 (1) a,qcP + P - 1) < 0, 
(N-l)(R-l)(N+4)<O 
E f3/2 (2) a > 0 
The proposition below yields a complete list of structural stable singularities, being 
the main result of the local theory of surface foliations. 
Theorem 2.1 [1,2,8]. Let 3” be a space of C’ smooth foliations on a sugace Al. The 
list of generic non-orientable singularities of foliations 3 E 3’ is exhausted by those, 
mentioned in Dejkition 2.3. Moreover; they and only they are structural stable. 
As well as in the case of flows, local structural stability of foliation does not imply its 
global structural stability (the converse being certainly true). The following statement, 
proved in [2], is a generalization of Theorem 0.1 to the case of foliations. 
Theorem 2.2 [ 1,2,8]. Let M be an orientable St.&ace. In the space 3’(M) of all C”- 
smooth ,foliations on Al-, there exists an open and dense subspace 3;, which consists 
of structural stable foliations. These are called Morse-Smale ,foliations, and admit the 
following geometrical description: 
(i) foliations,from 3; has but finitely many orientable singularities and closed orbits, 
they all being hyperbolic (i.e., saddles, nodes or foci, or else hyperbolic cycles); 
(ii) the set of non-orientable singularities is also finite and is exhausted by the ,four 
structural stable singularities, mentioned in Definition 2.3; 
(iii) ever?! leaf of 3 E 3;, distinct from critical elements of items (i) and (ii), tends 
to critical elements; 
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(iv) there are no separatrix connections between critical elements (i.e., there are no 
leaves tending to singular points p and q, being separatrix for both p and q; case p = q 
is not excluded). 
3. Main result 
Let F = (M, T’, f3) be a Morse-Smale foliation on a compact surface M. Denote 
by P U Q U C a set of critical elements of the flow T?, consisting of m non-orientable 
singularities p E P, 2n orientable singularities q E Q and 2r cycles c E C. 
Lemma 3.1. Suppose that C is nonempty. The triple (M, I?, e), defined on M, can be 
replaced by a triple (N, Ed, e), dejined on a su$ace N, which is produced from M by 
cutting along each of 2r cycles and by the consequent squeezing of the banks of each cut 
into a point. The Jlow ? has 4r nodal singular points more than 7rt, and has no cycles. 
The manifold N is, in general, disconnected. 
Lemma 3.2. Let (N, 8,O) be a foliation of Lemma 3.1. Suppose that P is nonempty and 
contains singularities of sun-set and apple types. In the neighborhood of these points, 
there exists a homotopy h, : N x [0, l] -+ N, h, o 0 = 0 o h,, r E [0, 11, which brings &t 
to a jlow xt, as it is shown in Fig. 1. Every operation of this kind, adds 2 extra nodes 
to the set Q, and after all possible operations, xt will have only tripods and thorns in 
the set P. 
(4 
(b) 
Fig. 1. 
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Proof of the first statement is straightforward, and is left to the reader. For the proof 
of the second statement it is enough to consider the following local r-families of vec- 
tor fields, which are represented (in an appropriate chart) by the system of differential 
equations 
~=(~T-~)u’-~uu-~u’, $=(2~-5)~+2& O<T< I, (3) 
2 = (1 - 2r)u’ - 2U2 + 2214: z = (3 - 27)uu, O<r<l, (4) 
which establish the required homotopy h, for the cases (a) and (b) of Fig. 1, respectively. 
Note that both (3) and (4) are &-symmetric with regard to the origin (0,O). So far, one 
has a chain of invertible transformations (M, 76: 6’) + (N: 8,O) t (N, xt ? 0). 
Definition 3.1. By an orgraph of a Morse-Smale foliation _T = (M, rrt, 8) one un- 
derstands a tripartite orgraph X with the vertex set Vx = SingXt and the edge set 
EX = Sep Xt. An upper level, which we denote by a, and a lower level, which we 
denote by w, are filled, correspondingly, with sources and sinks of the flow Xt; a middle 
level, denoted by cr, is filled with 2-, 4- and 6-separatrix saddles. An oriented incidence 
structure IX is established as follows: to every separatrix, there corresponds an edge, 
which joins the saddle on the a-level with a source (sink) on the a-level (w-level), so 
that the direction of the edge coincides with the direction of flow on the corresponding 
separatrix. Moreover, 
(i) one marks disjoint pairs of sources (sinks) on X. which have been produced from 
unstable (stable) hyperbolic cycles of 7rt (see Lemma 3.1); 
(ii) one marks subgraphs in X, each having 2 edges and 3 vertices, which appear as 
a result of the homotopy h, (see Lemma 3.2); 
(iii) if a connected component Na C N of a triple (IV, Xt, Q) has no saddles, then 
the corresponding subgraph Xa C X is a pair source-sink, joined by an edge; in this 
particular case NO = S’ and the restriction of Xt to NO is a polar flow. 
Remark 3.1. If P is nonempty, then there exists a graph involution 0 : X 7’ X, such 
that it fixes only 2- and 6-separatrix saddles (and only them) and brings 4-separatrix 
saddles to each other. Note also, that a-level vertices goes into w-level vertices of X, 
and vice versu: O(Q) = w, 0(w) = cy (see also Remark 2.1). 
As it was noticed by M.M. Peixoto, see p. 392 of [9], even in the case of flows (that 
is, when P = a)), an orgraph X is not a complete invariant of the topological conju- 
gacy classes. A counterexample below shows that it is also true for the non-orientable 
foliations. 
Counterexample 3.1. Consider a pair of non-orientable Morse-Smale foliations Fr, _F?, 
given on the sphere S2, as is shown in Fig. 2. An auxiliary surface M for 3, = 
(hl.rrf, Q), 32 = (M, ni, 0) will be a pretzel T2 # T2, and Sing31 = Sing32 = 
(2 thorns, 2 tripods, apple, sun-set}. A ‘fish’ swimming to the left in Fig. 3 is their 
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Fig. 2. 
Fig. 3. Graph X of foliations h and 32. 
common orgraph X (dotted lines correspond to subgraphs in X, marked according to 
(ii) of Definition 3.1). However, Tr and 32 are topologically inequivalent. 4 
Orgraphs X, built upon foliations _7=, lose a part of information on the equivalence 
classes of FT. Let again (M, rt, 0) + (N, Ed, 0) + (N, Xt, 0) be a Morse-Smale foliation. 
Fix a clockwise (counter-clockwise) direction in each singular point p E N of flow xt. 
Fix also a clockwise (counter-clockwise) direction in the corresponding vertices n E VX 
4 TO know why, see Section 5. 
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of the orgraph X. The flow xt induces in u a local rotation (see Definition 1.4). A cyclic 
order on edges. incident to w, is established such that they lie one-by-one in N in the 
clockwise (counter-clockwise) direction, fixed in p E N. 
Let R (R*) be a clockwise (counter-clockwise) rotation system, induced by Xt in the 
vertices of X. An orgraph X of a foliation F, together with rotation system R (R*) is 
denoted by X” (XR*) and is called Peixoto orgraph of the foliation 3. An isomorphism 
” on XR is an isomorphism of the underlying orgraphs X, taken together with equiva- 
lence of their rotation systems. (Recall. Section I. that equivalence of rotation systems in 
two isomorphic graphs means that local rotations in isomorphic vertices either coincide, 
or. if they are mirror symmetric in one vertex. then they are mirror symmetric in all of 
them.) 
Theorem A (Equivalence). Morse-Smale foliations .F, and .Fz are topologically car+- 
gate, [f and only if their Peixoto orgruphs are isomorphic, XR1 Z XRz. 
Theorem A reduces the classification of Morse-Smale foliations to the classification 
of special graphs, endowed with rotation systems. Consider an inverse problem: which 
conditions should satisfy a rotation system R on an abstractly given graph X, so that there 
exists a Morse-Smale foliation (on an orientable surface Al), with XR as topological 
invariant? 
Definition 3.2. An abstract orgraph is a tripartite orgraph X (disconnected, in general) 
with 2-, 4- and 6-valent vertices ~3, ~4 and 06, located in the middle level, 0. Every (T- 
vertex has an equal number of in-going and out-going edges. Every a-vertex is connected 
arbitrarily with vertices of upper (cu) and lower (w) levels with the help of in-going and 
out-going edges, respectively. Furthermore: 
(i) in the set of (Y- and w-vertices, there is a distinguished set (empty, may be) of 
disjoint pairs of vertices; 
(ii) if X has Q- or as-vertices, then there is an involution 8: X + X, which fixes 
~2 and (76 and moves aJ-vertices (if any) to each other; vertices of the a-level go by Q 
to vertices of the w-level, and vice versa; 
(iii) for some vertices s E 02 and/or s E ff6 2-edge subgraphs u-s-b are marked, 
where u E Q, b E /J; these subgraphs are invariant by the involution 0; 
(iv) if a connected component Xa 2 X has no vertices of the a-level, then it consists 
of a unique a- and w-vertex, joined by a unique edge. 
Definition 3.3. By a standard molecule and Andronov molecule, one denotes a connected 
orsubgraph of an orgraph X, pictured in Figs. 4(a) and 4(b). They correspond to the 
elementary cells in Figs. 4(c) and 4(d). 
Definition 3.4. An abstract orgraph X is called an abstract Peixoto orgraph XR, if there 
exists a rotation system ‘I?! such that every cycle, traced on X by ‘R, is isomorphic either 
to a standard or to an Andronov molecule. 
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Theorem B (Realization). Let XR be a finite orgruph, endowed with rotation system R. 
Then XR is realized as a Peixoto orgraph of a Morse-Smale foliation on an orientable 
sur$ace M (f (and only iJ> it is isomorphic to an abstract Peixoto orgraph XR. 
4. Proof 
4.1. Proof of Theorem A 
(1) Necessary condition. Let (M, rrt,e) + (N,E~, 0) + (N, xt, 0) be a chain, in- 
troduced in Section 3. It is evident that, if two Morse-Smale foliations _Ft nd 3~ are 
conjugate by a homeomorphism h, then X R~ ” XRz. Indeed, consider a restriction of 
h:N + IV to the set SepXf ++ Sepxi, which establishes isomorphism of respective 
orgraphs, XI % Xz. The equivalence of rotation systems Rz - RI or R2 N R; follows 
from the fact that h preserves ‘the corner structure’ of embeddings i : X + N. 
(2) Suficient condition. Suppose that XR1 Z XR2. One must build a homeomorphism 
h : N -+ N which conjugates Ilows Xj and xi and commutes with involution 8. As 
a first step, one should construct h, which establishes equivalence of two embeddings 
ii, i2: X 9 N, defined by equivalent rotation systems RI N R2 (so the second part of 
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Theorem 1.1 will be proven). For this, a notion of dual graph, X#, associated with the 
embedding i : X -+ N, is helpful. 
Definition 4.1. Denote by % :X L? N a Z-cell embedding of an orgraph X into a surface 
N. Let N\i(X) = FI U. . UFn, be a union of open disc regions in N. A dual graph X#, 
associated to i, is a graph with the vertex set V,lt = {FI, . . : F;,,}. An edge e# E E_yi: 
between Fi and Fj should be drawn (case i = j is not excluded), if and only if there is 
an edge e E Ex between Fi and Fj, i.e., e C: Fi n Fj. 
Lemma A. Let il. i2 : X q N he two embeddings of X with the corresponding rotation 
.s>lstems RI und Rz. !f Rz N RI or R? N R;, then dual gruphs Xy and X,#, dejined b? 
il and il, ure isomorphic, Xr g Xt. 
Proof. According to the Face Tracing Algorithm, rotations RI and RI generate on X 
the following systems of cycles” F,(i). . . , FJIf), i = 1: 2, which are given by the table 
F(‘) = &$) . . ,!I) F(*’ = aj2)bj’) . . . zj2) 
F”’ = &$‘) . . ,$I) 
2 2 _ 
F,“’ = a$2)b$? z(2) 
2 
F’ ) = a$;,’ bk;) . . $1 Fg) = a!;)@ . . &) 
Since Rr N R, (RT), two systems of cycles FJ’I’ and Fj” (which are the vertices of Xr 
and X?#) will be the same, so that one easily establishes a vertex function fv : F/” + FJ!” 
on the dual graphs. 
Take now a cycle Fi’) = aj,‘)bt) . et) . . zi’) and the corresponding cycle FL?) = 
&(F(‘)) F/(y) = @r) . . @ . . . z;‘. 
syste:, tie edge e(l) ’ ’ 
1 6 k: k’ < m. By definition of the rotation 
,k ~111 be met exactly once in a row F, (I) (case Ic = 1 is not excluded). 
In this case one draws an edge et) between 3’:” and F,(l), which is the edge of the 
dual graph Xp. Proceeding similarly with FLY’ and F,?), one establishes an edge function 
-(I) fE : ek: + ekf -(‘) between the dual graphs Xf and X2#. Since f = fvU.f~, an isomorphism 
f is established and Lemma 4.1 is proved. 0 
Let NO = N\O(V_) be a surface with a boundary, obtained from N by removing 
small open neighborhoods O(Vx) of vertices of X in the given cellular embedding 
X q N. Let us consider a union of disc regions D1 U . U D,, = No such that 
ni n ??, E Ex (i # j) intersect only at the edges of X. 
Lemma B. The dual graph X# can be obtuined by a homotopy of No, in which D, are 
transformed into the vertices of X# und Bi n D, go to the edges sf X#. 
’ Here we prefer to talk about cycles in a graph. always keeping in mind that they are in l-1 correspondence 
with the ‘faces’ of the embedded graph. 
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Proof. One easily constructs a homotopy ht : Na x [0, l] + No, t E [0, I], such that 
ho = idNo, hl(No) = X#. 0 
To finish the proof of Theorem A one must invert homotopy ht and deform a home- 
omorphism ho: Xf + X2#, established on the dual graphs, into a homeomorphism 
h,:NO+N,,. 
Let D,(l) and O,!‘) (1 < i < m) be the disc regions, mentioned in Lemma 4.2, such that 
ho(D!‘)) = Dj2) (where ho is the vertex function Vx; e Vx; defined in Lemma 4.1). 
The boundary aDi of Di consists of segments ek U bk, where ek = Di n Dj and 
bk C i3Na. 
First define a homeomorphism h on aD, = B U E, where B = U bk, E = U ek. 
It may very well happen that on some ek, h is already defined (since ek touches other 
regions of No). In this case we fix hi,, and extend it to the other points of CID, in an 
arbitrary but continuous way. It is a trivial exercise to prolong h to the interior of D, 
(e.g., it can be done using a level set of some scalar function in Di). 
Now a homeomorphism hl : No + NO, which is a homotopy deformation of a graph 
isomorphism ho, is established. Choose h = hl and extend it to the whole N by ‘squeez- 
ing’ the holes O(Vx) to the vertex points of X. The homeomorphism h is the required 
one, and it conjugates two embeddings ii, i2 : X 9 N of the graph X. The second part 
of Theorem 1.1 is proven. 
Now we can establish a topological conjugacy between Morse-Smale foliations 
(N, xf, 0) and (N xi, 4. C onsider the embeddings ii (X) and iz(X) of the orgraph 
X, corresponding to xf and Xi. It follows from the above arguments that there exists a 
homeomorphism h : N + N bringing ii (X) to iz(X). This homeomorphism conjugates 
foliations on N, defined by the flows xj and Xi. Since X is an orgraph, h preserves orien- 
tation on leaves of the foliations, giving the orbital conjugacy of flows: Xi = h-’ oxi 0 h. 
Note also that, by Zz-symmetry of X (defined by the graph involution 19 : X 3 X), h 
commutes with 8, that is h o 0 = 0 o h. (Indeed, it is enough to check that h can be 
extended from the edges of X, where it commutes with 19, to the whole N preserving 
the commutativity.) 
Theorem A is proven. 
4.2. Proqf of Theorem B 
(1) Necessary condition. Let F = (M, 7rt,0) be a Morse-Smale foliation on a sur- 
face M. Then it is a trivial exercise to check that its Peixoto orgraph XR satisfies all 
the conditions of Definitions 3.2-3.4. 6 
(2) SufJicient condition. Let X = Xi U. .UX, be an orgraph consisting of n connected 
components (we remind the reader, that R > 1 if and only if the flow rrt has cycles, 
contractible to a point, see Lemma 3.1). The realization theorem will be proved for each 
6 Actually these conditions have been chosen upon the basic properties of Peixoto orgraphs. 
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X, (1 < i < n) independently, next we will glue up N = NI # . # N,, where N; is a 
realization manifold for Xi. 
(i) Suppose that for some X, condition (iv) of Definition 3.2 is satisfied. Then III, = 
S2 and Xt is a polar flow on the sphere. 
(ii) Suppose that Xi is an orgraph with a-level vertices, endowed with the rotation 
system Ri. By the Heffter-Edmonds theorem, there exists a 2-cell embedding of X, 
into an orientable surface N,. By Definition 3.3, all cycles of Ri are either standard or 
Andronov molecules, shown in Figs. 4(a) and 4(b). So far, the elementary cells of the 
embedding X, 3 Ni will be only those, shown in Figs. 4(c) and 4(d). Since Xi is an 
orgraph, the directions on all separatrices are fixed and it remains to foliate the interiors 
of the cells in a standard way, as sketched in Figs. 4(c) and 4(d). By virtue of (ii) of 
Definition 3.2, flow Xt will be involutive, and the obtained triple (N,, xf. 19) represents 
a Morse-Smale foliation on N, . 
(iii) If all X, have been realized as Morse-Smale foliations (N, : xi, 19) on surfaces AI,, 
then according to condition (i) of Definition 3.2, one must make a ‘blow-up’ of those 
pairs of sinks (sources), which were punctured, and glue together the corresponding 
banks of the cuts. According to (iii), one makes necessary homotopy operations along 
the subgraphs marked, obtaining triples (N,, E:! 0). And, finally, one comes to a Morse- 
Smale foliation 3 = (III, 7rt, 19), where n-t = E: ##. . .#E:~ is a flow with hyperbolic cycles 
on the manifold M = Nt #. #N,. 
Since all cases are considered, Theorem B is proven. 
4.3. Proof of Theorem 1.1 
Here we will give a sketch of the proof of Theorem I .l, formulated in Section 1. It 
will be a geometric one-for other (and more extended) expositions of the question, we 
recommend the monographs of Gross and Tucker [5] and Ringel [IO]. 
Let X be a finite graph endowed with a rotation system R. As it was mentioned earlier, 
according to the Face Tracing Algorithm (see Section l), the rotation R gives rise to a 
certain (finite) system of faces FI , . . . F,, on X, which we denote here as 
F, =a,b ,... z, 
Fl = a262 . . .z2 
(5) 
4, = a,,& . . . G,, 
where {ai . . ,z,}~~, is the set of edges of X. Each face in (5) is a disc domain bounded 
by the respective edge sequence and every ek E Ex occurs exactly twice in the list (5): 
ek = Fi f’ Fj, i # j. 
We will prove Theorem 1.1 by an explicit construction of the fundamental domain of 
manifold M. It will be a polygon (namely, 4g-gon) A, filled with the system of faces 
(5). n = FI U. . U F,,,, and such that the boundary components of dA are identified in a 
34 I. Bronstein, I. Nikolaev / Topology and its Applications 77 (1997) 19-36 
b 
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natural way. Next we will obtain M N A/r gluing up A by the action of the absolutely 
discontinuous group r, generated by (5). 
Take a face A, = Fl of list (5) and place it arbitrarily in the plane, labeling all 
the boundary edges by ai, bl, . . , 21. Each edge ek of this sequence will occur once 
more in a row Fk (case Ic = 1 is not excluded), so that F, has a common edge with 
every face of the sequence F,, , Fb, , . . . , F,, We glue up these faces to the polygon A, 
along its boundary aAl. Taking the edges, lying at the boundary aA of the polygon 
A2 = FI U F,, U Fb, U . . U F,,, we use list (5) to find all adjacent faces of AZ and 
glue them correspondingly together to obtain a polygon A3. Proceeding inductively one 
stops when all faces in list (5) will be used. As a result, we come to a polygon Ap = A, 
pictured in Fig. 5. 
The boundary i3A of the polygon consists of the edges which we denote abcba . . and 
since each edge on aA has its counterpart also in aA, all the sides of the polygon A are 
pairwise identified. 
We call a vertex point p of the graph X an inner point, if p Eint A. Otherwise, it is 
called a corner point (in Fig. 5 the point p is a corner point, while q is an inner point). 
Clearly, if a corner point p has a pair of its incident edges identified, then it can be made 
an inner point (for example, in case a = b the point p in Fig. 5 becomes the inner point). 
In what follows, we suppose that for the polygon A all such identifications are made. 
Now A is a 2n-gon (a polygon with 2n sides) and there are no nearby sides in aA, 
which are identified. Let us consider the following cases: 
(i) If n = 29, then A is a 4g-gon. In this case A is a fundamental domain of a 
surface M N A/r, where r is an absolutely discontinuous group, generated by the 
identifications on aA. Clearly, we have a 2-cell embedding X v M, where M is an 
orientable surface of genus g; 
(ii) If n = 2g - 1, then A is a (49 - 2)-gon. To arrive to the ‘standard’ case (i) one 
must add 2 extra edges to aA. It can be done as follows. 
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Take an edge eo E Ex incident to a corner point p •(~7~4 and split p to pl and ~2, 
moving them aside. The edge et) will also be split in e. and ef). On the boundary 
aA there will appear an extra edge plpl. Similarly, we add an extra edge q>qz, where 
yl = r(pl), q2 = r(p2). Now, one arrives to the case (i), identifying plpz with qlyz. So 
far. we obtain an embedding x q AI, where f? has 2 extra triangle faces in AT. One 
squeezes these faces bringing the point pl to the point p2 and ql to q2. We will obtain 
now a 2-cell embedding X LJ A1, where A1 is an orientable surface of genus g. 
Theorem I. 1 is proved. 
5. Counterexample 3.1 revisited 
Foliations on surfaces is a remarkably nice object for a visualization. Below we il- 
lustrate the concept of Morse-Smale foliations, Peixoto orgraphs and associated rotation 
systems with regard to the foliations pictured in Fig. 2. The reader shouldn’t dwell on 
this particular case and is encouraged to construct examples of his own. 
Consider a foliation ZF1 = (T2 # T’, 7rf, f3) and 55 = (T* # T2, $, 19), discussed in 
Counterexample 3.1. In projection to the surface (T2 # T2)/d = S2, they are shown in 
Fig. 2. Fl and 32 have the same orgraph X (Fig. 3), but different rotation systems. To 
see this, denote the edges of X by al,. . . , a12 (bl,. . ,612) as they lie one-by-one in the 
upper (lower) level in Fig. 3. One finds (see Section 3) that rotation systems RI and Rz 
coincide everywhere (local rotations in such vertices are shown in Fig. 3), except in the 
vertices N and w. The cyclic order in Q and w is given by the table 
a7a3a4~la9a2~5~Sa6alo(ll u7a3a4ula9a2asaloal1amd 
bc,bdhb~b1 b7bxbsblobl I b6b2bd49b,b7bdl lb568 
Clearly, RI $ R2 as well as RI # R;. Therefore XR1 y XRZ and, by Theorem A, 
foliations 3, : 32 are inequivalent (this can be grasped also by looking at Fig. 2). 
Open problems 
It follows from the discussion above that the technique of Peixoto graphs endowed 
with rotations is well applicable to the foliations of the Morse-Smale class. But what can 
be said about Peixoto graphs beyond the Morse-Smale class? Expectedly, such graphs 
can be produced by taking an appropriate limit of ordinary Peixoto graphs (the answer 
will shed light on the classification of recurrent foliations). 
A question of another kind is how to estimate the number of Morse-Smale foliations 
with given orgraph X (in other words, how many different rotations can one associate 
to X?) 
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